Line Shapes of the Z(4430) 
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The Belle Collaboration recently discovered the first manifestly exotic meson: Z+(4430), which 
decays into -^'tt''' and therefore has quark content ccud. The proximity of its mass to the D\D* 
threshold has motivated the interpretation of the Z'^ as a charm meson molecule whose constituents 
are an S-wave superposition of D^D*^ and D*'^Di. If this interpretation is correct, the small 
ratio of the binding energy of the Z"*" to the width Fi of its constituent Di can be exploited to 
predict properties of its line shapes. Its full width at half maximum in the channel tp'-K^ should 
be approximately \/3Fi ~ 35 MeV, which is consistent with the measured width of the Z'^ . The 
Z^ should also decay into D*D*tx through decay of its constituent D\. The peak in the line 
shape for D* D*-k should be at a higher energy than the peak in the line shape for i/j'tt"*" by about 
Fi/\/T2 ~ 6 MeV. The line shape in D* 0*11 should also be broader and asymmetric, with a shoulder 
on the high energy side that can be attributed to a threshold enhancement in the production of 

PACS numbers: 12.38.-t, 12. 39. St, 13.20.Gd, 14.40. Gx 



Hadrons are bound states of quarks and antiquarks 
that feel the strong force of quantum chromodynam- 
ics. The ordinary hadrons are baryons which contain 3 
quarks, antibaryons which contain 3 antiquarks, and or- 
dinary mesons which contain a quark and an antiquark. 
Any other type of hadron is caUed exotic. Hundreds 
of hadrons have been discovered, but none were mani- 
festly exotic until the recent discovery of the Z='=(4430) 
by the Belle Collaboration [l[ . The Z+ decays into tp'-K^ , 
where ip' is a charmonium meson whose constituents are 
a charm quark and antiquark (cc) and 7r+ is a charged 
pion whose constituents are a hght quark and antiquark 
(ud). Thus the is a manifestly exotic meson with 
quark content ccud. 

Since the Z+ contains two quarks and two antiquarks, 
it can be called a tetraquark meson. However its structure 
is still an open question. The proposed interpretations of 
the Z'^ can be classified according to the clusterings of its 
constituents that appear in the dominant component of 
the wave function. If the Z^ is a charm meson molecule 
0) S 0) H) B 01 1 t'^s dominant clusters are charm mesons 
with quark contents cu and cd. If the Z+ is a tetraquark 
composed of a diquark and an antidiquark the 
dominant clusters are cu and cd. If the Z^ is a baryonium 
[lO], the dominant clusters are cuq and cdq, where q is 
another light quark. 

The mass of the Z"*" is extremely close to the DiD* 
threshold, where Di and D* are charm mesons with 
spin-parity quantum numbers — 1+ and 1^. This 
has motivated the proposal that Z'^ is a charm meson 
molecule whose constituents are a superposition of the 
charm meson pairs D+D*° and D*+D'f 0, i, i, i, @, 0]. 
Rosner argued that the quantum numbers = 0~ are 
favored because of the small energy release in the de- 
cay K'^Z'^ 12]. Meng and Chao used a model of 
charm meson rescattering to argue that decays of Z^ into 



D*D*TT should dominate over charmonium decay modes 
such as ^P'tt^ [3] . Their model can accomodate a substan- 
tial suppression of J/ipn^ relative to -^'tt^ if = 1^. 
Bugg suggested that the Z^ should produce a cusp at 
the DiD* threshold in several other charm meson decay 
channels Liu, Liu, Deng, and Zhu used a variational 
approximation to argue that the one-pion-exchange po- 
tential between Di and D* is not strong enough to bind 
them into Z^ 5'||. Their results are not conclusive be- 
cause their variational wavefunctions did not allow a 
significant contribution to the energy from the short- 
distance region where the potential is dominated by a 
l/r^ term. 

If Z+ is a DiD* molecule, the simplest possibility for 
its orbital angular momentum state is S-wave, in which 
case its quantum numbers must be 0~, 1~, or 2~. 
The tiny binding energy of the Z~^ implies a strong res- 
onant interaction between the charm mesons that pro- 
duces an S-wave scattering length that is large compared 
to the range of their interaction. S-wave threshold reso- 
nances have universal properties that are determined by 
the large scattering length and are otherwise insensitive 
to shorter distance scales [ll|. The width Fi of the Di 
smears out the resonant interactions so that the univer- 
sal features are not as distinctive. However Fi is small 
enough that we can exploit the universal features of the 
Z^ provided we take into account the width of its con- 
stituent. 

The line shape of a resonance is the invariant mass dis- 
tribution of its decay products. In this paper, we point 
out simple features of the line shapes of Z^ that follow 
from its identification as a weakly-bound S'-wave charm 
meson molecule. Its line shape in D*D*tt will differ sig- 
nificantly from its line shape in tp'ir^ because the reso- 
nance overlaps with a threshold enhancement in the pro- 
duction of DiD*. As a consequence, measurements of the 
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mass and width of the resonance in the D*D*7r channel 
wiU give larger values than in the i/j'tt channel. 

A similar phenomenon has been observed in the case 
of the X{3872), which was discovered by the Belle Col- 
laboration in 2003 J^]. Its mass is extremely close to 
the D*^D^ threshold. This has motivated its interpreta- 
tion as a charm meson molecule whose constituents are 
a superposition of D*^D^ and D^D*°. In this case, it 
would be an exotic meson with quark content ccuu. Un- 
like the , it is not manifestly exotic because it can mix 
with cc mesons through annihilation of the uu pair. The 
X(3872) was discovered in the decay mode J/V'tt+tt". It 
can also decay into D^D^tt^ through the decay of its con- 
stituent D*° or D*'^ . The measured mass of the resonance 
is higher in the D^D^n^ channel than in the J/i/jTr+Tr^ 
channel by about 4 MeV [H, The width of the X 
resonance also appears to be larger in the D'^D'^tt^ chan- 
nel. The width in the D°D°tt° channel was measured to 
be 2.42±0.55 MeV [l^, but there is only an upper bound 
on the width in the J/ipir'^TT^ channel: Fy < 2.3 MeV 
at 90% confidence level ^]. In Refs. the hue 

shapes of X(3872) were analyzed under the assumption 
that it is a charm meson molecule. The observed mass 
difference was shown to be compatible with this interpre- 
tation. An alternative explanation of the mass difference 
between the two channels is that they correspond to two 
nearly degenerate tetraquark mesons [l7j . 

We begin by summarizing the properties of the 
Z+(4430). It was discovered in the decay B+ -> K^+Z+. 
Its measured mass and width are [ij 



Mz = 4433 ± 4 ± 2 MeV, 

-18+30 
-13-13 



Tz = 45li?t?^^ MeV. 



(la) 
(lb) 



The mass in Eq. ([Ta|) is close to the threshold for the 
charm mesons D*'^ and D^, which have quark content 
cd and cu and spin-parity quantum numbers = 1^ 
and 1"*". The difference between charm meson masses are 
measured more accurately than the masses themselves. 
If we combine the PDG values of the mass differences 
with a recent precise measurement of the mass 
by the CLEO Collaboration we find that the D*+Dl 
threshold is at 



M 



Mr 



4432.2 ±0.9 MeV. 



(2) 



This is not a sharp threshold because the has a width 
El = 20.4 ± 1.7 MeV [3. The D+D*" threshold may 
differ by a few MeV, but the difference is negligible com- 
pared to Fi. The binding energy of the Z'^ defined by 
the difference between the threshold in Eq. ([2]) and its 
measured mass in Eq. pa)) is 



-1 ± 5 MeV. 



(3) 



The central value is negative corresponding to a reso- 
nance or a virtual state, but the error bar is compati- 
ble with a bound state. The discovery decay mode is 
Z"*" —f ■(/i'tt"'" . The decay products ip' and tt"*" have isospin 



and G-parity quantum numbers = 0~ and 1~, re- 
spectively. Thus the quantum numbers of the Z'^ are 
/"-^ = 1+. If the Z+ is a DiD* molecule, the members of 
its isospin multiplct have the particle content 



Z+ 

z- 



= {D*+ Dl - D+ D*") 



= i [D'lD*" - D*"D'I + D+D* 



d*+dy) 



If the Z has quantum numbers 0^, 1^, or 2^, it has 
an S-wave coupling to DiD* . The tiny binding energy in 
Eq. ([3]) then implies that it is an S-wave threshold reso- 
nance with universal properties. We proceed to describe 
the consequences for elastic scattering of its constituents. 
The amplitude A for elastic scattering of a DiD* pair in 
a resonant S-wave channel can be written as 



A= i2n/ Ah,) f{E) , 



(4) 



where A/i* is the reduced mass for the DiD* pair. The 
scattering amplitude f{E) depends only on the energy 
difference E between the invariant mass of the charm 
mesons and the DiD* threshold. If there is a threshold 
S-wave resonance, the scattering amplitude for energy E 
near the threshold has a simple universal form: 



fiE)^[^j + KiE)]-' , 



(5) 



where k{E) = {—2Mii,E — ieY^'^ and 7 is the inverse 
scattering length. The universal expression in Eq. ([5]) is 
valid when k is large compared to ^ | rs | , where is the 
S-wave effective range. Since the long-range interactions 
of Di and D* are dominated by pion exchange, we expect 
|rs| < 1/to^. Thus the universal region \E\ < 2/{M,ir1) 
should at least include the interval \E\ < 36 MeV. The 
simple expression for k{E) with a branch point at i? = 
applies if the constituents are stable. If the width Fi of 
Di is taken into account, the branch point should be at 
E = — iFi/2. Thus an expression for k{E) that takes 
into account the width of the constituent Di is [3 



K.{E) = ^J-2Mi.,{E + iTil2). 



(6) 



If E is real, a more explicit expression for k{E) with the 
appropriate choice of branch cut is 



k{E) = ^/W* {E^+TllAf 



E 



1/2 



1/2 



(7) 



The universal expression for the scattering amplitude 
given by Eqs. ^ and ([7]) can be motivated by unitarity. 
The imaginary part of f{E) can be written as 



lu,f{E)^\f{EfliT,[-i-K{E)] 



(8) 



If 7 is real and if Fi — 0, Im[7 — k,{E)] reduces to 
{2Mi,Ey/^e{E). In this case, Eq. © is simply the opti- 
cal theorem that expresses the exact unitarity of elastic 
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scattering in the S'-wave channel. The effects of inelastic 
scattering can be taken into account through the vari- 
ables Im7 and Fi. Since the dominant decay modes of 
the Di are iD*7r [20], the variable Fi takes into account 
inelastic scattering channels of the form D*D*Tr. The 
variable Im7 takes into account other inelastic scattering 
channels that do not involve the decay of a constituent of 
Z, such as i/j'tt, J/^p tt, D*D and D*D* . We refer to them 
as short- distance channels, because they proceed through 
intermediate states in which the Di and D* have a sep- 
aration that is small compared to 1/|7|- The imaginary 
part of 7 can be partitioned into contributions from the 
individual short-distance channels: 



Im7 = Ec r 



c 



(9) 



To derive universal expressions for the line shapes of 
the Z+ in the decay B'^ + Z+, we start from the 

optical theorem for the inclusive decay into K'^ plus par- 
ticles that couple to the resonance. If the difference 
E between the invariant mass of the resonating particles 
and the DiD*'^ threshold is small enough, the invariant 
mass distribution can be written as 

— [B+ K° + resonant] = 2rf Im/(£;) , (10) 

where F^ is a constant with dimension of energy that 
takes into account the probability for the constituents of 
Z"*" to be created in the transition _B+ K^. The en- 
ergy distribution in Eq. pH]) can be decomposed into the 
line shapes for individual resonant channels by inserting 
Eqs. (Ill) and ([9]). The line shape in the short-distance 
decay mode ifj'-K^ is 



dV 
dE 



2rf 



\f{E)\^r^'^ . (11) 



This line shape applies equally well to any other short- 
distance decay mode C, with the constant F^ ^ replaced 
by F'-^. The line shape of Z+ in the D*D*tt channels can 
be obtained by inserting Eq. ([5]) into Eq. (jTU]) and using 
the expression for ImK(E) in Eq. ([7]): 



dE 



[B+ K° + D*D*7r] 



1/2 



= 2Ff |/(i?)|'0k?i:[(i?2+F2/4)i/2 + £;J , (12) 

wher_e D*D*Tr denotes D*+D*-ti+ or D*+D*"tt" or 
£,*0£)*o^+^ Since decays primarily into D*^tt+ and 
D*°n^ with branching fractions | and ^ and decays 
primarily into D*~^Tr^ and D*'^Tr^ with branching frac- 
tions I and I [l^l, the line shapes in any of the three 
individual D* D*-k channels can be obtained by multiply- 
ing Eq. by 1/3. The hne shapes given in Eqs. (fTT|) 
and p2)) require only that the Z has = 0~, 1", or 
2^ . The spin J determines the correlations between the 
polarizations of the two spin-1 constituents of Z"*". 
We proceed to illustrate the line shapes of the Z . We 
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FIG. 1: Line shapes of the in the i/j'tt"*" decay channel 
(solid lines) and in D* D*n decay channels (dashed lines) for 
three values of the binding energy: Ez ~ +S MeV (upper 
lines), MeV (middle lines), and —3 MeV (lower lines). The 
line shapes are normalized so that their maximum values are 
1 for Ez = 0. 



will assume that decays of Z into D*D*7t dominate over 
the short-distance decays. We can therefore neglect Im7 
in the resonance factor |/(i?)p in the line shapes for ^p'lr 
and D*D*Ti in Eqs. ^ and Thus the only un- 

known parameters are Re7 and the normalization factors 
F^ and F'^ . We identify the binding energy Ez with 
the negative of the position of the peak in the line shape 
for ip'-K. It satisfies the equation 



Ez = 



Rc7 



2^/M^ 



[El + Tl/A] 



1/2 



E, 



1/2 



(13) 



The line shapes of Z+ in '0'7r+ and D*I)*tt are shown in 
Fig.[T]for three values of the binding energy: Ez = +3, 
and —3 MeV, which correspond to Re7 = -1-53.9, 0, and 
—72.0 MeV, respectively. The normalization factors F^ 
and F"^ ^ were chosen so that the two line shapes have 
the same peak value for Ez ~ 0. These same factors 
were then used for Ez = ±3 MeV. The peaks in the 
line shape are most dramatic if Ez is positive. The line 
shapes in ^'n are nearly symmetric about the peak at 
the energy —Ez- If Ez < 0, the line shape is sometimes 
referred to as a "cusp" [ij because it has a discontinuity 
in slope at i? = if Fi = 0. In the case of Z~^, the cusp 
is completely smoothed out by the width of the Di, as is 
evident in the lowest solid line in Fig. [1] The line shapes 
in D*D*TT have a peak at a higher energy than for ^'tt 
and they also have a broad shoulder on the high energy 
side of the peak. This behavior can be attributed to a 
threshold enhancement in the production of DiD* and 
D*Di that overlaps with the resonance. 

To quantify the behavior of the line shapes in Eqs. (fTT|) 
and p^ . we can exploit the fact that the binding energy 
Ez is small compared to the width Fi of the constituent. 
Eq. (|13p for Ez can be solved as an expansion in powers 
of Re7 whose leading term is [Fi/(8Mi*)]i/2Re7. The 
expansion can be inverted to give Re7 as an expansion 
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in Ez/Ti. To first order in Ez/Ti, the energy at which 
the line shape for D*Z)*7r has its maximum is 

^mlf ''^ ~ 0.289 Ti - 2.03 Ez ■ (14) 

Since \Ez \ <C Fi, the difference between the locations of 
the peaks in the D*D*Tr and ip'ir line shapes is approxi- 
mately Ti/^/l2 « 6 MeV. The line shapes in Eqs. ^ 
and are not Breit-Wigner resonances, so they can 
not be characterized simply by a width Tz- A simple 
way to quantify their widths is to give the energies at 
which the line shapes decrease to half of their maxima. 
For the i/j'tt line shape, the half-maxima are at the ener- 
gies 

Ef"" w 0.866 Fi- 3.42 , (15a) 
E't'" w -0.866 Fi -t- 0.16 £:z . (15b) 

The full width at half maximum is approximately 
y/3 Fi « 35 MeV, which is consistent with the measured 
width of Z+ in Eq. |ib|. For the D*D*tt hnc shape, 
the half-maxima are at the energies 

E^^'^'"' 3M7Ti~ 15.37 Ez , (16a) 
^D'D-^ _ -0.371 Fi - 1.08 . (16b) 

The full width at half-maximum is approximately 
3.4 Fi « 69 MeV, which is about twice the width in iP'tt. 
The right half-maximum is about 4 times as far from the 
peak energy as the left half-maximum. 

The universal scattering amplitude in Eq. JS]) a. lso ap- 
plies to the X(3872) if it is a D*D molecule^l|. The 
difference between the lifetimes of the constituents of the 



X and leads to a significant difference in their line 
shapes. In the case of the X, the _D*" has a width of 
about 65 keV, which is small compared to the 8 MeV 
splitting between the D*°D° and D*+D~ thresholds. 
Since the binding energy of X relative to the D*^D^ 
threshold is smaU compared to 8 MeV, it is a D*°D° 
molecule with a very small D*^ component. The line 
shapes of the X are given by simple universal formulas 
analogous to those in Eqs. (fTTj) and (fT2|) only if the energy 
is within a few MeV of the D*^D'^ threshold. For ener- 
gies more than a few MeV from the threshold, one must 
take into account the resonant coupling to the charged 
charm meson channel D*^D~ [2l|, [5^. The width of the 
D* provides less smearing than that of the Di, so it is 
possible for the line shape for the X to have a two-peaked 
structure consisting of a resonance and a threshold en- 
hancement. 

In summary, the hypothesis that the is a weakly- 
bound 5- wave charm meson molecule implies that its line 
shape in D*D*tt should peak at a higher energy and have 
a larger width than its line shape in iJj'tt. If our quan- 
titative predictions for these line shapes are confirmed, 
it would provide strong support for this interpretation of 
Z. The tiny binding energy of the Z requires an acciden- 
tal fine-tuning of the charm quark mass. The existence of 
the Z suggests that there may be cc tetraquark mesons in 
other and J*^ channels that are more strongly bound. 
It also implies that there must be a bb analog of the Z 
with a much larger binding energy [23l . [23 | . Thus the dis- 
covery of the Z(4430) is just the beginning of the spec- 
troscopy of tetraquark mesons. 

This research was supported in part by the Department 
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